it stands does not say whether y is positive or negative, and the only place where "y" appears in the proof is in the statement "The condition p>q\ appearing in the formulation of the lemma serves only to simplify the proof and may be replaced by a much weaker condition.'* The proof given fails at several points, and it is hard to see how to make use of either of the conditions, though both hold with different y's, in the various applications. Perhaps the explanation for this peculiar condition is that in one of the uses of the lemma, the general condition with which we replacep<qy reduces to a condition where p<qy can be used.
One also gets the impression that either r or rx is running, depending on the size of pq. Indeed, r must be running, as otherwise the condition of the existence of y0 such that \ßr\ <(pq)yo would be trivial. However, the lemma could be interpreted as having r fixed. The quantity q is running, so apparently we are dealing with a sequence of a/s. When the lemma is used it turns out that we are not dealing with a sequence of a/s, nor with a sequence of/S/s.
It appears that there are hidden assumptions which are intuitively verified when using the result.
We now give a lemma which will replace the one above. It also omits the condition of the existence of y2 and the associated conditions on the a/s. Further, it decreases A, and we note that Gelfond states that this can be done. The new lemma adds conditions, conditions (iii) and (iv), on the rate of growth of the parameter /-x. In the applications, one has rx bounded or with a known rate of growth. In Gelfond's "proof", the author believes Gelfond is implicitly assuming a small rate of growth for rx, as he appears to be abstracting from two different situations where this occurs. Our omission of the constant y9 and the associated conditions does not depend on the assumptions about rx. This improvement of the lemma is due to a different method of estimation of the full Hermite interpolating polynomial.
Lemma. Let N be a positive integer variable. Let p=p(N), q=q(N), r = r(N) be positive integer functions of N such that pq = m tends to oo with N. To eachq = q(N) let there correspond a set Aq of q numbers a,x, a"2,..., a,", which we write also by an abuse of notation as ax,..., a,. To each r = r(N) let there correspond a set Br of r numbers ßrA, ■ ■ -, ßT.r which we also write as ßx,..., ßr. We assume also that there exist positive constants y0 and yx such that y0 + yx < 1, and for p, q, and r (determined by TV), where not all Ak.s are zero, and ifr2 ^ rx then at least one of the numbers /<S>(A), 0SsSr2-l, 1 S kSr is different from zero.
Proof. Without loss of generality, we can take r2 = rr. We will arrive in the proof at various minima for N0, and it will be understood that we take the largest of these. We set e = 3S. Without loss of generality, we can take \Ak.s\ S I, where at least one AkiS has absolute value 1. For we can divide all the coefficients of/(z) by the coefficient with largest absolute value. Arguing by contradiction, assume N>N0, and A and rx given as above and that /(S)(A) = 0, OSsSry-l, I Sk Sr.
Let F be the circle \z\ = l and Tx the circle \¿¡\=m1~y¡. We take N so large that m^2. Then T is inside IV Now y0 + yi<hsoy0<l-yy. Thus, the points ß,-lie in We note that (iv) could be replaced by
We now apply the theory of full Hermite interpolation. Let ax,..., a, be distinct complex numbers and let ky,..., kq be positive integers and let kx+ ■ ■ ■ +kq=k+ 1.
Let y'-f be constants, y'= 1, ...,q,v=0, 1 = m exp ( -8m log w).
This is a contradiction for m sufficiently large, thus proving the lemma.
